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Abstract—This paper studies the performance of hybrid radio-
frequency (RF) and free-space optical (FSO) links in the cases
with and without hybrid automatic repeat request (HARQ).
Considering millimeter wave (mmwave) characteristics in the RF
link and pointing errors in the FSO link, we derive closed-form
expressions for the message decoding probabilities as well as the
throughput and the outage probability of the RF-FSO setups.
We also evaluate the effect of various parameters such as power
amplifiers efficiency, different transmission techniques in the FSO
link, pointing errors in the FSO link as well as different coherence
times/symbol rates of the RF and the FSO links on the throughput
and outage probability. The results show the efficiency of the
RF-FSO links in different conditions. Moreover, the HARQ can
effectively improve the outage probability/energy efficiency, and
compensate the effect of hardware impairments in RF-FSO links.
I. INTRODUCTION
The demand for high data rates raises the question of
spectrum availability. Thus, for future communication systems,
more spectral resources are mandatory. Of the many popular
solutions, free-space optical (FSO) communication systems
have gained significant research attention as effective means
of transferring data at high rates over short distances. In the
radio frequency (RF) domain, on the other hand, it is mainly
concentrated on millimeter wave (mmwave) communication
as a key enabler to obtain sufficiently large bandwidths so
that it is possible to achieve data rates comparable to those
in the FSO links. In this perspective, the link reliability and
the service availability can be considerably improved via the
combination of FSO and mmwave-based RF links. This is
particularly because both the FSO and the mmwave-based RF
links are highly susceptible to atmospheric effects. However,
the good point is that these links are complementary because
the RF (resp. the FSO) signal is severely attenuated by rain
(resp. fog/clouds) while the FSO (resp. the RF) signal is not.
The performance of RF-FSO systems is studied in different
papers, e.g., [1]–[3], where the RF and the FSO links are
considered as separate links and the RF link acts as a backup
when the FSO link is down. On the other hand, in [4]–
[8] the RF and the FSO links are combined to improve the
system performance. Moreover, the implementation of hybrid
automatic repeat request (HARQ) in RF-based (resp. FSO-
based) systems is investigated in, e.g., [9]–[13] (resp. [14]–
[18]), while the HARQ-based RF-FSO systems have been
rarely studied, e.g., [19]–[21].
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Figure 1. Channel model. The data is jointly transmitted by the RF and the
FSO links and, in each round of HARQ, the receiver decodes the data based
on all received signals.
To have realistic insights about the performance of RF-
FSO links, it is necessary to take the non-ideal link properties
into account. Particularly, considering the FSO link, thermal
expansion, dynamic wind loads, and weak earthquakes result
in the building sway phenomenon that causes vibration of the
transmitter beam leading to a misalignment between the FSO
transmitter and receiver known as pointing error1. The pointing
error may lead to significant performance degradation and is
a serious issue in urban areas, where the FSO equipments
are placed on high-rise buildings [22], [23]. In the RF link,
on the other hand, the power amplifiers (PAs) efficiency is the
main hardware problem affecting the system performance [24],
[25]. These are the main motivations for our paper analyzing
the performance of HARQ-based RF-FSO links with pointing
errors and imperfect RF PAs.
In this paper, we study the data transmission efficiency
of RF-FSO systems from an information theoretic point of
view. The contributions of this paper are twofold. 1) Tak-
ing the pointing errors in the FSO link and the mmwave
characteristics of the RF link into account, we derive closed-
form expressions for the message decoding probabilities as
well as the system throughput and outage probability. Our
results are obtained in different cases with and without HARQ.
Particularly, we show the HARQ as an effective technique to
compensate the non-ideal properties of the RF-FSO links and
improve the hybrid link reliability. Then, 2) we analyze the
effect of various parameters such as the FSO link pointing
errors, the PAs efficiency, different heterodyne detection- and
intensity modulation with direct detection (IM/DD)-based data
transmission techniques of the FSO link, and different sym-
1In general, the mmwave-based RF links also suffer from pointing errors
in cases with narrow beamforming and mobility. However, here we focus on
static links (e.g., wireless backhauling), in which pointing errors of the RF
link are negligible.978-1-4799-5863-4/14/$31.00 c©2014 IEEE
bol rates/coherence times of the RF and FSO links on the
throughput/outage probability.
In contrast to [1]–[3], we consider joint data transmis-
sion/reception in the RF and FSO links. Moreover, our paper
is different from [4]–[26] because we derive new analyti-
cal/numerical results on the message decoding probabilities,
and outage probability/throughput of HARQ-based RF-FSO
links which have not been presented before. The differences
in the problem formulation and the channel model makes
our analytical/numerical results and conclusions completely
different from the ones in the literature, e.g., [1]–[26].
The numerical and the analytical results show the effi-
ciency of RF-FSO links in different conditions. Moreover, the
HARQ protocols can effectively improve the outage probabil-
ity/energy efficiency, and compensate the effect of hardware
impairments in RF-FSO links. For instance, with the common
parameter settings of the RF-FSO links, outage probability
10−2 and code rate 1 nats-per-channel-use (npcu), the imple-
mentation of HARQ with a maximum of 3 retransmissions
reduces the required power by 8 dB, compared to the cases
with open-loop communication.
II. SYSTEM MODEL
Consider a joint RF-FSO system, as demonstrated in Fig.
1. The data sequence is encoded into parallel FSO and RF bit
streams. Then, the FSO and the RF signals are simultaneously
sent to the receiver. At the receiver, the received RF (FSO)
signal is down-converted to baseband (resp. collected by an
aperture and converted to an electrical signal via photo-
detection) and the signals are sent to the decoder which
decodes the received signals jointly.
We denote the instantaneous realizations of the fading
coefficient of the RF link and the turbulence coefficient of the
FSO link in time slot i by HRF,i and HFSO,i, respectively, and
for simplicity we refer to both of them as channel coefficients.
These channel coefficients are assumed to be known at the
receiver which is an acceptable assumption in block-fading
conditions [9]–[15], [22]. Also, we define GRF,i = |HRF,i|2,
GFSO,i = |HFSO,i|2 which are referred to as channel gain
realizations in the following. We then assume no channel state
information (CSI) feedback to the transmitter, except for the
HARQ feedback bits. The feedback channel can be an RF,
an FSO or an RF-FSO link, and is supposed to be error-
and delay-free. Finally, we assume perfect synchronization
between the links in harmony with, e.g., [4]–[8], [19], [20].
As the most promising HARQ approach leading to highest
throughput/lowest outage probability [9]–[12], we consider the
incremental redundancy (INR) HARQ with a maximum of M
retransmissions, i.e., the message is retransmitted a maximum
of M times. Using INR HARQ, K information nats are
encoded into a parent codeword of length ML channel uses.
The parent codeword is then divided into M sub-codewords
of length L channel uses which are sent in the successive
transmission rounds. Thus, the equivalent data rate, i.e., the
code rate, at the end of round m is K
mL
= R
m
npcu where
R = K
L
denotes the initial code rate. In each round, the
receiver combines all received sub-codewords to decode the
message. The retransmission continues until the message is
correctly decoded or the maximum permitted transmission
round is reached. Note that setting M = 1 represents the
cases without HARQ, i.e., open-loop communication.
The FSO link is assumed to follow a unified Gamma-
Gamma fading distribution with pointing errors for which the
probability distribution function (PDF) of the channel gain is
given by
fGFSO(x) =
ξ2
rxΓ(α)Γ(β)
G3,01,3
(
hαβ
(
x
µr
) 1
r
∣∣∣∣∣
ξ2+1
ξ2,α,β
)
. (1)
This is a well-established model for pointing errors in FSO
links, e.g., [22], [23]. Also, Γ(·) denotes the Gamma function.
Then, r represents the parameter specifying the detection
technique type, where r = 1 accounts for heterodyne detection
and r = 2 represents IM/DD technique. Also, h = ξ
2
ξ2+1
denotes the ratio between the equivalent beam radius at the
receiver and the pointing error displacement standard deviation
(jitter) at the receiver [23] (i.e. for negligible pointing errors,
ξ →∞). Then, α and β are the fading/scintillation parameters
related to the atmospheric turbulence conditions, and G·,··,·(·) is
the Meijer’s G function as defined in [27, Eq.(9.301)]. Finally,
µr stands for the average electrical signal-to-noise ratio (SNR)
where µ1 = µheterodyne = E[GFSO] and µ2 = µIM/DD =
E[GFSO]αβξ
2(ξ2+2)
(α+1)(β+1)(ξ2+1)2 [22]. Finally, we denote the transmission
power of the FSO link by PFSO.
While the modeling of the mmwave-based links is well
known for line-of-sight wireless backhaul links, it is still an
ongoing research topic for non-line-of-sight conditions [28].
Particularly, different measurement setups have emphasized
the non-/near-line-of-sight propagation and the non-ideal hard-
ware as two key challenges of such links. Since we target
a hybrid mmwave-based RF-FSO link, we consider Rician
channel model for the RF link, which is an appropriate model
for near line-of-sight conditions. With a Rician model, the
channel amplitude
√
GRF and gain GRF, respectively, follow
the PDFs
f˜RF(x) =
x
ω
e−
(x2+ν2)
2ω2 I0
(xν
ω2
)
, (2)
and fGRF(x) = 12√x f˜RF(
√
x), where ν and ω denote the fading
parameters and I0 is the zero-th order modified Bessel function
of the first kind.
Finally, to take the non-ideal hardware into account, we
consider the state-of-the-art model for the PA efficiency in the
RF link which is given by [24], [25]
PRF
P consRF
= ǫ
(
PRF
PmaxRF
)ϑ
⇒ PRF = 1−ϑ
√
ǫP consRF
(PmaxRF )
ϑ
. (3)
Here, PRF, PmaxRF and P consRF are the output, the maximum output
and the consumed power of the PA, respectively, ǫ ∈ [0, 1] de-
notes the maximum power efficiency achieved at PRF = PmaxRF
and ϑ ∈ [0, 1] is a parameter depending on the PA classes.
Time 
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Figure 2. Time scales. The RF link remains constant in the retransmissions
(quasi-static channel [10], [11]) while in each retransmission round of HARQ
N different channel realizations are experienced in the FSO link.
III. ANALYTICAL RESULTS
As shown in [9]–[13], for different channel models the
throughput of HARQ protocols can be written as
η =
R(1− φM )
1 +
∑M−1
m=1 φm
, (4)
where φm = Pr(Wm ≤ Rm ) denotes the probability that
the data is not correctly decoded up to the end of the m-
th round with Wm being the accumulated mutual information
(AMI) at the end of round m. Also, the outage probability
is given by Pr(Outage) = φM = Pr(WM ≤ RM ). Thus, to
analyze the throughput and outage probability, the key point
is to determine the probabilities φm,m = 1, . . . ,M . Then,
having the probabilities, the considered performance metrics
are obtained.
In RF-FSO systems, it was demonstrated by, e.g., [5], [29]
and the references therein, that the RF link experiences very
slow variations and the coherence time of the RF link is
in the order of 102 − 103 times larger than the coherence
time of the FSO link. For this reason, we consider the setup
as illustrated in Fig. 2 where the RF link remains constant
in the retransmissions (quasi-static channel [10], [11]) while
in each retransmission round of HARQ N different channel
realizations are experienced in the FSO link. In this way,
considering (3) and Fig. 2, we can use the results of [30,
Chapter 7] to find the probability φm, ∀m = 1, . . . ,M, as
φm = Pr
(
log
(
1 + 1−ϑ
√
ǫP consRF
(PmaxRF )
ϑ
GRF
)
+ Yr,(m,N) ≤ R
M
)
,
Yr,(m,N) .= ψ
mN
m∑
j=1
N∑
i=1
log
(
1 + crPFSOGFSO,1+(j−1)i
)
.
(5)
Here, ψ represents the relative symbol rates of the RF and
FSO links which is a design parameter selected by the network
designer. Also, (5) is based on the fact that the achievable rate
of an FSO link is given by log(1 + crx) with x being the
instantaneous received SNR and cr denoting a constant term
such that cr = 1 for heterodyne detection and cr = e2π for
IM/DD [22], [31], [32, Eq. 7.43], [33, Eq. 26]2.
Considering different values of N , there is no closed-form
expression for (5). Thus, we use the central limit theorem
to approximate Yr,(m,N) by the Gaussian random variable
Z ∼ N (µ, 1
mN
σ2). Here, µ and σ2 are the mean and
variance determined based on the FSO link channel condition.
Particularly, considering the Gamma-Gamma PDF (1) and
denoting the expectation operator by E{·}, we have
µ = ψE{log(1 + crPFSOGFSO)}
=
ξ2ψ
rxΓ(α)Γ(β)
×
∫ ∞
0
log(1 + crPFSOx)G3,01,3
(
hαβ
(
x
µr
) 1
r
∣∣∣∣∣
ξ2+1
ξ2,α,β
)
dx, (6)
and σ2 = ρ2 − µ2 with
ρ2 = ψ2E{log(1 + crPFSOGFSO)2} = ξ
2ψ2
rxΓ(α)Γ(β)
×
∫ ∞
0
log(1 + crPFSOx)
2G3,01,3
(
hαβ
(
x
µr
) 1
r
∣∣∣∣∣
ξ2+1
ξ2,α,β
)
dx (7)
which can be found numerically, because they are one-
dimensional integrations.
Having µ and σ2, we find the probabilities φm, ∀m, as
follows. Considering Rician fading conditions (2) for the RF
link, (5) is rephrased as
φm =
∫ dm
0
f˜RF(
√
x)
2
√
x
×
Pr
(
Yr,(m,N) ≤ R
m
− log
(
1 + 1−ϑ
√
ǫP consRF
(PmaxRF )
ϑ
x
))
dx =
∫ dm
0
f˜RF(
√
x)
2
√
x
Q
(√mN (log(1 + 1−ϑ√ ǫP consRF
(PmaxRF )
ϑ x
)
+ µ− R
m
)
σ
)
dx
(a)
=
∫ d2
m
0
f˜RF(u)×
Q


√
mN
(
log
(
1 + 1−ϑ
√
ǫP consRF
(PmaxRF )
ϑ u
2
)
+ µ− R
m
)
σ

 du
(b)≃
∫ d2
m
0
f˜RF(u)Vτm,λm(u)du
=
∫ am
0
f˜RF(u)du+
∫ bm
am
f˜RF(u)
(
1
2
− λm(u− τm)
)
du
2In [33], log(1 + cSNR) is proved as a tight lower bound on the capacity
in the cases with an average power constraint. Then, [22], [31] show that the
formula of the kind log(1 + cSNR) is an asymptotically tight lower bound
on the achievable rates for the cases with an average power constraint, a peak
power constraint, as well as combined peak and average power constraints.
(c)≃ F˜RF(am) +
(
1
2
+ λmτm
)(
F˜RF(bm)− F˜RF(am)
)
− λm
(
bmF˜RF(bm)− amF˜RF(am)
− (bm − am) F˜RF
(
am + bm
2
))
,
dm
.
=
e
R
m − 1
1−ϑ
√
ǫP consRF
(PmaxRF )
ϑ
, τm
.
=
e
R
m
−µ − 1
1−ϑ
√
ǫP consRF
(PmaxRF )
ϑ
,
λm
.
=
√√√√2mN
(
e−(
R
m
−µ) − e−2( Rm−µ)
)
πσ2
1−ϑ
√
ǫP consRF
(PmaxRF )
ϑ
,
am
.
= max
(
0, τm − 1
2λm
)
, bm
.
= min
(
τm +
1
2λm
, dm
)
.
(8)
Here, (a) is obtained by variable transform u =
√
x.
Then, (b) comes from the linear approximation technique
Q

√mN
(
log
(
1+ 1−ϑ
√
ǫP consRF
(PmaxRF )
ϑ
u2
)
+µ− R
m
)
σ

 ≃ Vτm,λm(x) with
Vτm,λm(x) =


1 x < am,
1
2 − λm(x− τm) am ≤ x ≤ bm,
0 x > bm,
(9)
where λm defined in (8) is obtained by taking the derivative of
Q

√mN
(
log
(
1+ 1−ϑ
√
ǫP consRF
(PmaxRF )
ϑ
u2
)
+µ− R
m
)
σ

 at point u = τm.
Then, (c) is obtained by the first order Riemann integral
approximation
∫ x2
x1
f(x)dx ≃ (x2 − x1)f(x1+x22 ). Also,
F˜RF(x) = 1 −QM
(
ν
ω
, x
ω
)
is the CDF of the Rician variable
(2) with QM(·, ·) being the Marcum Q function.
Finally, it is interesting to note that
limN→∞ 1mN
∑m
j=1
∑N
i=1 log(1 + crPFSOGFSO,1+(j−1)i) =
E{log(1+ crPFSOGFSO)}, ∀m. Intuitively, this means that for
asymptotically large values of N , i.e., significantly shorter
coherence time of the FSO link compared to the one in the
RF link, the AMI of the FSO link converges to its ergodic
capacity E{log(1 + crPFSOGFSO)}. Thus, in this case the
RF-FSO link is mapped to an equivalent mmwave-based
RF link in which successful decoding of the rate equal to
the ergodic capacity of the FSO link is always guaranteed.
Also, as a second-order approximation, the probabilities
φm, ∀m = 1, . . . ,M, are approximated as
φm ≃ Pr
(
log
(
1 + 1−ϑ
√
ǫP consRF
(PmaxRF )
ϑ
GRF
)
≤ R
m
− µ
)
= 1−QM

 ν
ω
,
e
R
m
−µ − 1
ω 1−ϑ
√
ǫP consRF
(PmaxRF )
ϑ

 . (10)
Using (8)-(10), one can find the probabilities φm, ∀m =
1, . . . ,M, and, consequently, the throughput and the outage
probability of the RF-FSO system. In Section IV, we verify
the accuracy of our derived analytical results and investigate
the effect of different parameters such as the PAs efficiency,
the FSO link pointing errors, different symbol rates/coherence
times of the RF and FSO links and different FSO-based data
transmission techniques on the throughput/outage probability
of RF-FSO systems.
IV. NUMERICAL RESULTS
In all figures, we set α = 4.3939, β = 2.5636 which
correspond to Rytov variance 1 of the FSO link in the cases
with no pointing error [14]. Also, the parameters of Rician RF
PDF in (2) are set to ω = 0.7036, ν = 0.0995, leading to unit
mean and variance of the channel gain distribution fGRF(x).
Finally, SNR is defined as 10 log10 P with P = PFSO +P consRF ,
and we set PFSO = P consRF in all figures. Then, using (3), we
can find the transmission power of the RF link PRF for every
given P consRF .
In Fig. 3, we consider an ideal PA, corresponding to
ǫ = 1, ϑ = 0, PmaxRF = ∞ in (3), while the effect of
imperfect PAs is studied in Figs. 4-6. Particularly, Fig. 3
verifies the accuracy of the approximation techniques (8)
and (10), and investigates the outage probability in the cases
without (M = 1) and with HARQ (M = 3). Here, the results
are obtained for the heterodyne detection technique and we
set R = 1 npcu, N = 100, ξ = 0.9, ψ = 0.03.
In Fig. 4, we investigate the effect of imperfect PAs on
the system throughput (4). Particularly, considering heterodyne
detection, R = 0.5 npcu, N = 100, ξ = 0.9, and ψ = 0.03,
the figure compares the throughput in the cases with an ideal
(ǫ = 1, ϑ = 0, PmaxRF = ∞) and non-ideal (ǫ = 0.65, ϑ =
0.5, PmaxRF = 18 dB [24]) PA. Then, Fig. 5 studies the effect
of pointing error in the FSO link, and the outage probability
is derived for different values of pointing error parameter
ξ. Here, the results are obtained for heterodyne detection
technique and we set R = 3 npcu, N = 100, ψ = 0.25, ϑ =
0.5, ǫ = 0.65, PmaxRF = 30 dB. Finally, Fig. 6 evaluates the
outage probability for different data transmission techniques
in the FSO link and coherence times of the RF and FSO links.
The results of the figure are presented for R = 12 npcu,M =
1, ψ = 2, ϑ = 0.5, ǫ = 0.65, PmaxRF = 18 dB, P = 18 dB, ξ =
1.2, and the numbers of channel realizations N for which
central limit theorem provides accurate approximation for the
random variable Yr,(m,N) in (5). According to the results, the
following conclusions can be drawn:
1) The analytical results of (8) and (10) accurately mimic
the exact numerical results, and the difference between
the approximation-based and exact results is negligible
for a broad range of SNRs/parameter settings (Fig. 3).
Therefore, (8) and (10) can effectively be used to in-
vestigate the performance of RF-FSO links analytically.
Finally, note that in Figs. 4-6 the results are plotted based
on exact evaluation of (8). However, we have checked the
results with the ones obtained via approximations (8) and
(10), and in all cases the approximation results are very
tight.
2) With different parameter settings, the implementation of
HARQ leads to significant outage probability and energy
efficiency improvement (Fig. 3). For instance, with the
parameter settings of Fig. 3 and the outage probability
10−2, the implementation of HARQ with a maximum
of M = 3 retransmissions reduces the required power
by almost 8 dB, compared to the cases with open-
loop communication (M = 1). On the other hand, in
harmony with the results on RF links [13], the HARQ
may decrease the throughput of the RF-FSO links (Fig.
4). However, the throughput degradation is negligible for
a broad range of parameter settings.
4) The PAs inefficiency affects the performance of RF-
FSO systems significantly (Fig. 4). For instance, with the
parameter settings of Fig. 4, M = 1 and P = 6 dB, the
inefficiency of the PA reduces the achievable throughput
from 0.4 npcu to 0.15 npcu, i.e., 150% throughput loss.
However, the effect of imperfect PAs decreases with the
SNR. This is intuitively because the effective efficiency
of the PAs ǫeffective = ǫ
(
PRF
PmaxRF
)ϑ
increases with the SNR.
5) The outage probability of the RF-FSO system is sensitive
to severe pointing errors of the FSO link, i.e., small values
of ξ. However, the effect of pointing error is negligible for
moderate/large values of ξ, i.e., when the pointing error
is negligible (Fig. 5). Also, with the parameter settings
of Fig. 5, the outage probability achieved with severe
pointing errors (ξ = 0.1) and M = 2 HARQ-based
retransmission rounds is less than one in the open-loop
setups (M = 1) and no pointing error (ξ →∞). Thus, the
HARQ can effectively be used to compensate the effect
of pointing errors in RF-FSO links.
6) As expected, better system performance is achieved by
the implementation of heterodyne technique, compared to
IM/DD technique (Fig. 6). Also, the outage probability
decreases with increasing the number of channel real-
izations in the FSO link N (Fig. 6). This is intuitively
because more time diversity is exploited by the HARQ
when the channel changes during the data transmission.
Finally, in harmony with the intuitive understandings of
(10), the system performance becomes insensitive to the
number of channel realizations in the FSO link as N
increases.
V. CONCLUSION
In this paper, we studied the data transmission efficiency of
mmwave-based RF-FSO links in the cases with and without
HARQ feedback. Considering pointing errors in the FSO
link and imperfect power amplifiers in the RF link, we
derived closed-form expressions for the message decoding
probabilities, throughput and outage probability of the RF-
FSO systems. The results show that, while the throughput
is not necessarily increasing by HARQ, substantial outage
probability reduction is achieved by the implementation of
HARQ protocols. Moreover, the inefficiency of the power
amplifiers deteriorates the performance of RF-FSO systems
considerably. Therefore, the properties of the power amplifiers
should be carefully considered in the network design. Finally,
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the HARQ can be effectively utilized to compensate the effect
of pointing errors in the FSO link.
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